A promising route to the realization of Majorana fermions is in non-centrosymmetric superconductors, in which spin-orbit-coupling lifts the spin degeneracy of both bulk and surface bands. A detailed assessment of the electronic structure is critical to evaluate their suitability for this through establishing the topological properties of the electronic structure. This requires correct identification of the time-reversal-invariant momenta. One such material is BiPd, a recently rediscovered non-centrosymmetric superconductor which can be grown in large, high-quality single crystals and has been studied by several groups using angular resolved photoemission to establish its surface electronic structure. Many of the published electronic structure studies on this material are based on a reciprocal unit cell which is not the actual Brillouin zone of the material. We show here the consequences of this for the electronic structures and show how the inferred topological nature of the material is affected.
I. INTRODUCTION
In topologically-nontrivial materials without inversion symmetry, spin-orbit coupling splits the spin degeneracy of the bulk bands leading to a comlex (pseudo-)spin texture of the electronic wave functions. This, in turn, gives rise to non-trivial topological properties of the band structure, such as Dirac or Weyl band-crossing points 1,2 , protected surface states 3, 4 , and, in the case of superconductors, Majorana quasiparticles which are their own antiparticle 5, 6 . A major thrust of current research focuses on the interplay between topologically nontrivial surface states and superconductivity. This provides opportunities to create Majorana fermions 7, 8 , as well as topologically-nontrivial superconducting states 9 , and the possibilities of topological transitions driven by pressure or magnetic field. Few systems are known which exhibit both topologically-nontrivial band structure and superconductivity [9] [10] [11] . BiPd in its low temperature phase, α-BiPd, is one such material 12, 13 . This material is also a noncentrosymmetric superconductor 14, 15 , in which the superconducting condensate is expected to have mixed singlet and triplet character 16, 17 . That such topologically-nontrivial superconducting pairing might be realized in BiPd has led to a recent renaissance of this material 11, 18 . In particular, BiPd has been shown to exhibit surface states with Dirac-like dispersion in directional bandgaps, despite having a large number of bands which cross the Fermi level [19] [20] [21] [22] . Because of the low symmetry of the material, the surface states of BiPd are different on the [010] and [010] surfaces 21 . Recently, detailed photoemission characterizations of the surface electronic structure of α-BiPd have been published in several independent studies. [20] [21] [22] [23] While the data broadly agree, the interpretation of the band structure does not. Neupane et al. 20 and Setti et al. 22 place all surface states at the Γ point, consistent with their band structure calculations, whereas Benia et al. 21 locate those below the Fermi level at the S point and those above the Fermi level at the Γ point, consistent with their own band structure calculations 19, 21 . Here, we set out to address these differing interpretations, and clarify how they are related -tracing them back to the unit cell used for electronic structure calculations.
Clearly, these assignments cannot both be correct. A key difference is in the underlying unit cell used for calculations and interpretation of the data: Benia et al. use the primitive cell as reported by Ionov et al. 12 , whereas Neupane et al. and Setti et al. use the larger, non-primitive unit cell reported by Bhatt et al. 13 . This latter unit cell is also used by Lohani et al., although they concentrate on bulk states 23 . This doubled cell has a reciprocal cell half the size of its Brillouin Zone. Here we show that the two unit cells yield very similar band structures, but only if the correct Brillouin zone is used for the unconventional base-centered B2 1 structure of Bhatt et al. Using the correct Brillouin zone places the surface bands in the occupied states at the S point, whereas using a larger unit cell folds these bands to the zone center (Γ point). Most importantly, in the Brillouin zone a directional band gap opens due to spin-orbit coupling at the Γ point in the unoccupied states which is filled with bands folded in from the zone face if the incorrect unit cell is used.
II. METHODS
We employed fully-relativistic linear-muffin-tin-orbital calculations using the crystal structures by Bhatt et al. ments was grown by a modified Bridgman-Stockbarger method as reported in detail elsewhere 24 . ARPES was performed on a freshly cleaved surface using a Helium-I source (ν = 21.2 eV) with a hemispherical SPECS HSA3500 electron analyzer. Throughout this paper we refer to α-BiPd simply as BiPd since the β phase has not been stabilized at or below room temperature.
III. RESULTS AND DISCUSSION
A crystal structure's Brillouin zone is a uniquelydefined primitive cell in reciprocal space. Its reciprocal cell is a region in reciprocal space corresponding to the unit cell in real space. These are often, but not always, the same. If the real-space unit cell is a primitive cell, its reciprocal cell will correspond to the Brillouin zone. However, for convenience a unit cell is sometimes chosen to have alternative orientations, settings, or sizes, which can affect the reciprocal cell but not the Brillouin zone. This should be intuitively clear: An arbitrary choice of labelling cannot change the physical properties of a material, for instance by altering the Fermi surface, or by converting an indirect-bandgap semiconductor into a directbandgap semiconductor through sufficient band folding. BiPd is an example of a system in which one must be aware of this distinction, since some authors chose a doubled pseudo-orthorhombic supercell to aid comparison to related materials -see Fig. 1(a,b) . This cell is convenient, but larger and non-primitive, and its reciprocal cell is half the size of the Brillouin Zone. In Figure 1 Figure 2(a) shows the band structure calculated for the base-centered B2 1 unit cell defined by Bhatt et al. (red dashed lines) using its Brillouin zone, and for a doubled primitive pseudo-orthorhombic unit cell having the same lattice parameters and monoclinic angle but a Brillouin zone half as large. For this calculation, in other words, the larger blue unit cell in Fig. 1(a,b) is treated as primitive and the smaller blue reciprocal cell in Fig. 1(c) is thus treated as a Brillouin zone. With twice as many basis states in its primitive real space cell, the electronic structure for the doubled pseudo-orthorhombic cell shows twice as many bands as the base-centered cell in reciprocal space. Half of these bands exhibit exactly the same dispersion along X-Γ-Z as for the base-centered one, with additional bands being folded to Γ-X (Γ-Z) from S -X (S-Z). This is to be compared with Supplementary  Fig. 5 (right panel) of Neupane's paper 20 , showing excellent agreement. It is worth noting that Setti et al. use an orthorhombic rather than a monoclinic unit cell, which is correct only for the high temperature phase β-BiPd. In Figure 2 21 , on the same energy and momentum scale as in Fig. 2(a) , showing near-perfect agreement between bands for the two different crystal structures. It can be seen that using the correct Brillouin zone leads to a much smaller number of bands at the Γ point and preserves the directional band gap near the Γ point above the Fermi level. Figure 3 shows the results of a slab calculation performed in the P 2 1 Brillouin zone, with the surface Diraclike states identified by circles. If the original bands, shown in red, are folded to match the reciprocal cell of Bhatt et al., the blue bands result. This folds all the sur- face states to the Γ point. Crucially, the surface states located above the Fermi energy are no longer in a directional bandgap opened by spin-orbit coupling, and overlap with folded bands. This would change their interpretation. It would also most likely render them impossible to observe. Meanwhile, folded bands cross the surface bands on top of the van Hove singularity detected previously in STS 19 . The interaction with the folded bulk bands would eliminate this van Hove singularity, and the fact that it is, in fact, observed experimentally demonstrates that the folded picture cannot be correct. This is one example of the direct experimental consequences of band folding mentioned above -there is no freedom to choose an arbitrary Brillouin zone.
The correct assignment of the Brillouin zone is important for two reasons: First, as shown in Fig. 3 (a) Band structure obtained for a slab and shown in the surface Brillouin zone of the P 21 crystal structure 19 . Circles mark the four surface states obtained in the slab calculation, two in the occupied states at S and two in the unoccupied states at Γ. (b) Band structure shown in the reduced reciprocal unit cell for the B21 structure with the zone boundaries at X and Z, which is not a Brillouin zone. Shown in red are the bands from the unfolded band structure, the ones shown in blue appear in addition due to back-folding at X and Z. The Dirac-like surface states are identified with circles in (a) at their position in the Brillouin zone and in (b) where they appear after folding. The surface states above the Fermi energy near Γ, which were originally in a directional bandgap opened by spin-orbit coupling, are enveloped in folded bands, whereas the ones which were at S in the Brillouin zone (a) now appear at Γ.
nances if calculated in the larger unit cell, due to bands being folded into its directional bandgap at the Γ point. Second and most crucially, a reliable assessment of the topological nature of the material is not possible without a correct assignment of the time-reversal-invariant momenta. This is true in particular for the directional bandgap at the Γ point, which is opened by spin-orbit coupling and is central to the topological nature of BiPd. If this directional bandgap no longer separates states split by spin-orbit coupling, the surface states are no longer topological in nature. Doubling the Brillouin zone may constitute a topological transition of the lattice.
The confusion over the correct Brillouin zone may ultimately stem from early reports which identified the structure as Ccm2 1 (Tab. I) 15 , later refined to C 13,15 -this, however, is not a primitive cell. Morerecent characterization by x-ray diffraction has identified the primitive unit cell as being of P 2 1 symmetry (Tab. IV) 12 , although this report is not available online. To aid future work on BiPd, the results of these structure refinements are reproduced in Appendix A.
IV. CONCLUSION
In summary, a correct treatment using the Brillouin zone rather than the reciprocal unit cell places the topologically-protected surface states below the Fermi level of the [010] and [010] surfaces near the S point, whereas those above the Fermi level reside in a directional band gap opened by spin-orbit coupling at the zone center. The correct location of the surface states is crucial for understanding the physics in this material. 
